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Abstract

The objective of the paper is to present a statistical approach to modelling dispersion and preferential concentration of inertial
particles suspended in the turbulent fluid. This approach departs from kinetic equations for the one-point and two-point probability
density functions of particle velocity distributions in turbulent Gaussian fluid flow fields. Preferential concentration of particles in
sheared as well as in isotropic turbulent flows is analysed from a unified viewpoint, and an analogy between both phenomena is

discussed.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

One of the most striking effects of particle interaction
with turbulent eddies is an existence of flow regions with
preferential concentration. The accumulation (or clus-
tering) effect was established in many numerical and
experimental investigations performed in free and
bounded turbulent flows (e.g., Fessler et al., 1994,
Fukagata et al., 1998; Chen et al., 1998; Rouson and Ea-
ton, 2001; Li et al., 2001; Portela et al., 2001; Cerbelli
et al., 2001). In inhomogeneous turbulence, this phe-
nomenon referred to as turbophoresis manifests itself
as a tendency of particles to concentrate within certain
areas of turbulent flow due to a drift velocity caused
by the gradient of the turbulence intensity (Reeks,
1983). However, the accumulation effect occurs also in
homogeneous turbulence, when the mean gradient of
velocity fluctuations and the conventional turbophoretic
force are absent (Squires and Eaton, 1991; Wang and
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Maxey, 1993; Sundaram and Collins, 1997; Wang et
al., 2000; Reade and Collins, 2000; Balkovsky et al.,
2001; Février et al., 2001; Hogan and Cuzzi, 2001; Elper-
in et al., 2002; Sigurgeirsson and Stuart, 2002; Bec, 2003;
Zaichik and Alipchenkov, 2003). The clustering of par-
ticles in homogeneous turbulence is a fairly sophisti-
cated effect, which remains to be clarified and taken
into consideration in existing theories of two-phase tur-
bulent flows. Most of these theories are based on the
assumption that particles are independently distributed
in space in a perfectly random manner with uniform
probability, and thereby preferential concentration is
completely ignored. At the same time, the preferential
concentration of particles in homogeneous turbulence
may play an extremely important role in a number of
environmental and industrial processes. For example,
the effect of preferential concentration can lead to sub-
stantial increase in both particle settling velocities and
coalescence rates.

The purpose of this paper is to advance a rational ap-
proach to modelling dispersion and preferential concen-
tration of inertial particles immersed in turbulent fluid
flow. This approach is based on kinetic equations for
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Nomenclature

A, A, constants

By Lagrangian correlation function

C, C}, Cys constants

Dy, Dj; one-point and two-point diffusivity tensors of
a noninertial admixture

Dy, D, particle and particle-pair diffusivity tensors
external force (e.g., gravity) acceleration
vector

o fu1, s 1, particle response coefficients

fr & fr1, I, particle-pair response coefficients

ij>

H Heaviside function

L turbulence spatial macroscale

Iy dimensionless Prandtl-Nikuradse mixing
length

N particle-pair density

P,, P, one-point and two-point PDF
Pw» P One-point and two-point particle probability

densities

R channel half-width or pipe radius

R, particle position vector

Ry dimensionless channel half-width or pipe
radius, Ru./v

r separation vector

r separation distance, |r|

T, separation vector, R, — R,

7 dimensionless separation distance, 7 = r/y

Re; Taylor-scale Reynolds number, (15u/4/ev)"?

Si7» Sp; second-order Eulerian fluid and particle
velocity structure functions

Sij, Sp; dimensionless fluid and particle structure
functions, S;;/ui, Sy;/u;

Siiks Spiji third-order Eulerian fluid and particle
velocity structure functions

St Stokes number, 1,/t)

Ty, Ty, one-point and two-point Lagrangian integral
timescales

Ti+ dimensionless Lagrangian integral timescale,
Tru?/v

TL, dimensionless two-point timescale, 77/t

t time

U,, u;, ul. mean, total, and fluctuating fluid velocities

U Kolmogorov velocity microscale, (ve)'”*

U, wall friction velocity

u'? fluid velocity variance

u'? dimensionless fluid wall-normal stress,
v+
() 2 | |
u; n fluid /Wall—normal fluctuating  velocity,
1/2
()

Y.

(u;u) ~ fluid Reynolds stresses

Vi, v, v; mean, total, and fluctuating particle
velocities

\/ velocity vector of a particle

<U;2+> dimensionless particulate wall-normal stress,
(W2)

partic}e wall-normal fluctuating velocity,

U,Z 1/2

(W) < y+t? late kinetic st

iv;)  particulate kinetic stresses

Wi, w;, w. mean, total, and fluctuating relative

/
vy+

velocities
W, relative velocity between two particles, v,, —
Vpl
X coordinate vector
y wall-normal coordinate
Y+ dimensionless wall-normal coordinate, yu-/v
y dimensionless wall-normal coordinate, y/R
Greeks
o exponent
p collision kernel
r radial distribution function, N/N(r = oo)

AU, Au;, Au; mean, total, and fluctuating fluid veloc-
ity increments

) delta-function or functional derivative

0y Kronecker symbol

& energy dissipation rate

n Kolmogorov length microscale, (v¥/g)"*

K Prandtl-Karman constant

v fluid kinematic viscosity

o collision sphere radius

T time increment

Tje Kolmogorov time microscale, (v/e)"?

7, particle response time

T dimensionless particle response time, t,u?/v
P particle averaged volume fraction

1) Green function

Y:, Y1, one-point and two-point autocorrelation

functions

the one-point and two-point probability density func-
tions (PDF) of particle velocity distributions in turbu-
lent Gaussian fluid flow fields. The PDF method is a
powerful tool routinely used in continuum mechanics
for developing hydrodynamic models. In particular,
introducing the PDF permits to proceed from the
dynamic stochastic description of separate particles to

the statistical modelling of the behaviour of a particle
ensemble immersed in turbulent flow. The PDF model-
ling approach starts from the Lagrangian equations
for individual particles, and a kinetic equation is derived
that governs the PDF of particle position, velocity,
temperature, size, and other variables of interest (e.g.,
Derevich and Zaichik, 1988; Reeks, 1991; Simonin,
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1996; Swailes and Darbyshire, 1997; Hyland et al., 1999;
Pozorrski and Minier, 1999; Zaichik, 1999; Derevich,
2000; Pandya and Mashayek, 2003). From the kinetic
equation, one can gain a set of continuum conservation
equations for the statistical moments of the PDF. These
conservation equations govern the averaged properties
of the dispersed phase in the framework of the Eulerian
modelling formalism.

The present paper extends the one-point and two-
point kinetic PDF models (Zaichik, 1999; Zaichik and
Alipchenkov, 2003) to include the transport effect in
the approximations of Lagrangian velocity correlations.
The particle volume fraction is kept small enough so
that the two-phase system is quite good within the di-
lute limit, the particles do not influence the carrier fluid
flow, and turbulence modulation may be neglected. The
accumulation of inertial particles in inhomogeneous
sheared and homogeneous isotropic turbulent flows will
be analysed from a unified viewpoint, and an analogy
between both phenomena will be revealed. In the paper
we focus on the transport of monodisperse particles im-
mersed in isothermal turbulent flow, and hence we
manipulate with the PDF in respect to particle position
and velocity. To extend these models to polydisperse
particle system in non-isothermal turbulent flow, one
has to handle with the probability density of particle
size and temperature as well, but this is beyond the
scope of the paper.

2. One-point PDF model

Let us firstly consider the one-point PDF model. This
model is applicable to predicting one-particle statistics
and single-particle dispersion in inhomogeneous sheared
turbulence.

The motion of a small heavy particle in a turbulent
fluid flow is governed by the following equations:
dR, dv, u(R, ) —v,
R T T — +F, (1)
where u(R,,?) symbolizes the local instantaneous veloc-
ity of the carrier fluid at a point x = R(?).

The one-point PDF of particle velocity is introduced
by

Py =(p,) = (0(x = Ry(1))3(v = v,(1))), 2)

where () denotes an averaging procedure over an
ensemble of samples of a random fluid velocity field,
and P,(x,v,?) stands for the probability of finding a
particle at a point x, with a velocity v, at time 7. Dif-
ferentiating (2) with respect to time, decomposing the
fluid velocity field into the sum of averaged and fluc-
tuating components (u= U +u’), and accounting for
(1), we gain the following transport equation for the
PDF:

6PU GPL 0 |:<Uk—l)k

1 (up,)
— F,|P,| = —— 00
o % T on * ") }

Tp aUk
3)
The left-hand side of Eq. (3) describes evolution in
time and convection in phase space (X,v), whereas the
term on the right side characterizes the interaction be-
tween particles and fluid turbulent eddies. Equation (7)
becomes a closed one as soon as a closure model for
(upp,) is provided. With this in mind, we will model
the fluid velocity by a Gaussian random process
with known one-point correlation moments. By this
means, using the Furutsu-Donsker—Novikov for-
mula for Gaussian random functions (Frisch, 1995),
we derive

8p, (%, 1)
(up.) // % )u XI7II)><5uk(X1J1)dX1dt1 dx da,
opx) N\ 3R, (1)
<8uk(X1,ll)dX1 dl1> - ax,- <p“(x’t) Suk(Xl,tl)dXIdll

0 Sup;(2)
B 6_U] <p,,(X, t) 8uk(x1, [1) Xm dl‘1>.
4)

For obtaining the functional derivatives in (4) we rep-
resent the solutions of Eq. (1) in terms of integrals taken
along a particle trajectory

Tp

R0 = [ vin) i,
wo = [ ot — ) [u(Ry (1), 1) + 7, F]du,
o(t) = L exp (— t), )

Tp
where @(f) symbolizes the Green function.
Applying the functional differentiation operator to

(5), we obtain a set of integral equations for determining
the functional derivatives:

OR (1)

611](1'17 tl)dxl dy - 6”8(

R, (1)) /tw(t —ty)dt

/ / l‘—t3 dt3 ( a)(c,,) )

SR, (12)
% 6uj(x1,t1)dxl de dt27 (6)

Sv, (1)

— =9,
8u},~(x1,t1)dxl df] (

R, (1))t —1)H(t — 1)

. /1 (p(t B tz) 6ui(R§(l‘2), lz)

5] X
SRPH(’Q)
_ %)y,
S, n)dx g

where H(x) is the Heaviside function: H(x <0)=0,
Hx>0)=1.
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To solve (6) we use an iteration procedure employed
previously in Zaichik (1997, 1999). Then, averaging
the functional derivatives over the particle probability
density p, and accounting for a single term contain-
ing the fluid velocity gradient, we rearrange (4) in the
form

(ulp,) :_/ <u§(X,f)U;(Rp(t1)7t1)>/ ¢t —n)dndr 21;

a1 t J

- [t Ry} s - 1)

i

U, [ o oP,
+§k]/ <P(f—lz)/ <P(f2—f3)dt3dtz}df1a—-

1 4 Uj
(7)

With a view to determine the trajectory integrals in
(7), we define the Lagrangian one-point correlation
function of fluid velocities by the following
approximation:

Buy(%.1,7) = (u(x, 0, (R, (¢ —).1 — ) | R,(1) = %)
— (.t — /Dl (x, £ — £/2))PL(2)
= [ x, 00 (x, )

© D{uj(x, )u(x, 1))
T ),

D(uu’) Ofuu) RICTATARGICTATATA
1 — 1 U 1 rJ .
Di <6t+ o T wk)

Here Y1 (7) designates the autocorrelation function that
is specified by the Lagrangian integral timescale
T, = fom ¥ (t)dr. Eq. (8) contains an additional term
in parentheses as compared to the conventional approx-
imation By (x,t,t) = (u;(x, )uj(x,1)) ¥L(t). This term,
first introduced by Derevich (2000), takes into consider-
ation the transport effect due to turbulence unsteadiness
as well as the convective and diffusive transfer of fluid
velocity fluctuations along a particle trajectory. It is
clear that, in stationary homogeneous turbulence, the
“transport term” in (8) is absent. In the following, we
assume that the fluid velocity correlations viewed by
the particles are the same as those along the fluid-ele-
ment trajectories. Obviously this assumption is strictly
valid in the zero-inertia limit and fails for high-inertia
particles (e.g., Reeks, 1977, Wang and Stock, 1993). It
should be mentioned that the identification of ¥y (r)
with the standard fluid Lagrangian autocorrelation
function is not a crucial point in this approach, because
it is possible to generalize the model using any autocor-
relation function that accounts for the inertia and cross-
ing trajectory effects.

By means of (8), we can obtain the following expres-
sion for the correlation between the fluid fluctuating
velocity and the particle probability density:

, . oP, oP,
(up,) = _<uiuj> (fu o, + 8. @xi>

tfu D) op, -, 0U; 3P,
3 D, R CTET % o0, 9)

fu= 1 / ¥ (1) exp (— l) dr,
Tp 0 Tp

T
gu = 7L _-f‘“
Tp
1 [~ T
ful = —2 IPL(T)T exp - df; lu = gu _ﬁll'
T, Jo Tp

(10)

The coefficients f,,, g., f.1, and [, measure a response
of a particle to velocity fluctuations of the fluid. Eq.
(9) along with (10) holds for values of time that are long
compared with the Lagrangian integral timescale. If the
autocorrelation function is described by the frequently
used exponential approximation ¥y = exp(—1/TL), the
response coefficients take the form

T T2
/1;4: = ) gu:—L7
T, + T (7, + T1)
TZ T3
ful:—LZ’ luziLzl (11)
(1, +TvL) T,(t, + T1)

Substituting (9) into (3) yields the following transport
equation for the one-point (one-particle) PDF of parti-
cle velocity distribution in turbulent sheared flow:

an an 0 Uk—Uk
< Fo )P,
m+”&ﬁme - +k>]

fur D(y;) O°P,

2 Dt Ov;0n
o (fu OPy op,  oU, P,
:< iuk> - +gu U~ .
7, 00;00; Ox;0v; Ox; Ov;0v,

(12)

Kinetic Eq. (12) describes the convective transport of
the PDF in phase space (x,v) and the diffusive transfer
caused by the eddy—particle interaction. Modelling fluid
turbulence by means of a Gaussian process with known
Lagrangian correlations enables the eddy—particle inter-
action to be expressed explicitly in the form of the sec-
ond-order differential operator. When the terms
containing the coefficients f,; and /, are neglected, (12)
reduces to the kinetic equation obtained by Derevich
and Zaichik (1988) and Reeks (1991) for a homogeneous
unsheared flow field. The terms containing the coeffi-
cients f,; and /, take into consideration, respectively,
the effect of turbulence unsteadiness and inhomogeneity
and the impact of mean fluid velocity gradients. It should
be mentioned that the kinetic equations presented in
Zaichik (1997, 1999) include the terms of the second-
order degree in mean velocity gradients. However, the
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influence of these second-order degree terms on particle
dispersion is of minor importance, and therefore these
are not taken into account in the present paper.

Eq. (12) generates a set of governing continuum
equations describing the conservation of mass, momen-
tum, and particulate stresses as the appropriate
statistical one-point moments of the one-particle veloc-
ity PDF

o 0PV,

o | o

@V,- aV, a<U§U;(> U[ - Vi

Vit = +

ot Ox; oxy T,
Dp,']( Oln @

T, Oxg

+F,

1 0B(uel) D)

tJ

Dt

o(vv)) o(vv))
o o te an T

Gl

= (<U vk> +gu<u uk>) a
- ((vvk +g,( uuk )
10 an ’o an

+ lu<<uiuk> o + (W) a)ﬂ{)

= (Rl — (). (13)

where

@:/Pvdv, Vi:%/v,-Pvdv,

/1. 1
W) =5 [ = Vo - VP,

(viith) = — /(Ui = Vi)(v = V) (v = Vi) Pedv,

Dy = % ({00 + g, ) )

Here @ and V; are the particle averaged volume fraction
and velocity, (vjv)) are the turbulent particulate stresses
induced by the entrainment of particles into the fluctuat-
ing motion of the carrier phase, and D,; is the particle
diffusivity tensor.

To close the infinite equation set stemming from (12)
at the second-order closure level of (13)—(15), we invoke
a gradient algebraic approximation for the triple particle
fluctuating velocity correlations. This approximation
follows from the corresponding differential equation
for the third moments by neglecting time evolution, con-
vection, and generation due to mean velocity gradients
as well as by using a quasi-Gaussian approximation
for the fourth-rank correlations (Simonin, 1991; Zaichik
and Vinberg, 1991)

(Wuleh) = -

L dwu (v} (vt}

| Dy —=2 Dy —E 4 Dy ——25 .
3( T IR s )
(16)

In should be noted that the closure approximation (16)
was also derived by Swailes et al. (1998) and Derevich
(2000) by means of the Chapman—Enskog perturbation
procedure for solving the kinetic PDF equation.

In the zero-inertia limit (r, — 0), it is follows from
(15) that the turbulent stresses in the dispersed and fluid
phases are coincident
lim(vjv}) = (uu)), (17)

1,—0
and the diffusivity tensor of a noninertial admixture is
determined by the expression
Di/ = limDOp,-j = TL<u:u;) (18)

T

Substitution of (17) and (18) into (16) rearranges the

third-order one-point moments of fluid fluctuating

velocities in the form

(i) = lim (vjv}v,)

rp~>0
- T (<ul n> axn + <ujun> axn
N
o) o), (19

which corresponds to the approximation that was first
proposed by Hanjali¢ and Launder (1972).

As was shown in Swailes et al. (1998), Zaichik (1999),
Derevich (2000), and other works, the PDF modelling
method is more valid for higher particle inertia when
the particle velocity distribution is nearly Gaussian.
Nonetheless, it provides a correct limit for fine particles.
In particular, the present model leads to the familiar
relationships for the diffusivity tensor (18) and the
third-order fluctuating velocity moments (19) of fluid
particles. Moreover, even though the accuracy of the
closure approximation (16) decreases with reducing par-
ticle inertia, Eq. (15) suggests that the contribution of
diffusion transfer to the balance of the particulate stres-
ses tends to decrease as well. Thus, we hope that the sec-
ond-order closure model (13)—(16) will give quite good
results over the entire range of particle inertia.

3. Particle dispersion in channel turbulent flow

The one-point model is employed to predicting prefer-
ential concentration of particles in vertical, fully devel-
oped, turbulent flows inside flat and round channels. We
consider the case of bouncing particles when the deposi-
tion of particles on the walls does not take place. In this sit-
uation the particle velocity towards the wall is absent, and
hence the only cause responsible for the nonuniformity of
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particle distribution across the channel section is the tur-
bulent migration (turbophoresis) due to the gradient of
transverse velocity fluctuations. By this means, the equa-
tion set governing particle dispersion consists of the bal-
ance equations for momentum and fluctuating energy in
the wall-normal direction. In accordance with (14)—(16)
and (19), these balance equations are written as

d<u;2+> 72 2 do

g+ (W) + ) =0 (20)

d d<v/2 >
2 ) & _ a 2] 2 y+
{ gy | R = o) +al)) =g

/! / d<U/'2+>
d o o d0%)
+ r+fu1d5{dy+ l(R+ - ) TL+<”y2+> dyy:
d{u?)
—20T (ul,) %}
+
+ 2R, =y, Y0 (fulu) — (i) =0, 1)

Egs. (20) and (21) are represented in a non-dimen-
sional form based on ‘““wall units”. The exponent « is
equal, respectively, to zero for a flat channel and unity
for a round pipe. Momentum equation (20) expresses
the balance between the turbophoretic and diffusion
forces acting on particles in the wall-normal direction.
Obviously, if the gravitational or other body force effect
is of importance (e.g., in horizontal channel flow), this
body force should be incorporated into the momentum
balance equation (20). Eq. (21) includes the terms
describing the diffusion transfer of transverse particle
fluctuating velocities and the exchange of fluctuations
between the particulate and fluid phases. As was men-
tioned above, the contribution of the diffusion transfer
of velocity fluctuations to Eq. (21) decreases with parti-
cle inertia. Egs. (20) and (21), exclusive the second term
in (21) which stems from the ‘“‘transport term” in the
Lagrangian velocity correlation (8), are similar to those
used by Sergeev et al. (2002) to analyse the near-wall
behaviour of high-inertia particles in the channel flow.
However, because of providing the zero-inertia limit
and reducing the contribution of diffusion transfer as
the particle response time decreases, we can believe that
Eqgs. (20) and (21) hold over the entire range of particle
inertia, and not just in the case of high-inertia particles.

To formulate the boundary conditions, we assume the
particles to bounce elastically on the walls. Then the
boundary conditions for Eqgs. (20) and (21) are given by

d(v2) d{v?)
-0 for y, =0, —2X~
dy, + dy,

¢=1 for y, =R,. (22)

:O7

The response coefficients that enter into (20) and (21)
are determined by (11), where the Lagrangian timescale
is given either by the relation proposed in Kallio and
Reeks (1989)

T 10 fory, =5
MUl 722+ 0.5731y, —0.00129y% for 5 <y, <200
(23)

or by the relation based on the Prandtl-Nikuradse mix-
ing length (Zaichik et al., 1995)

Ti, = (100 + )",

I, =xy, (1 - 11y 40.65 — 0.15°), x=04. (24)
Egs. (20) and (21) are solved numerically using the
tridiagonal-matrix algorithm along with an iteration
procedure. To avoid a numerical instability, boundary
conditions (22) should be approximated with an accu-
racy of the no-less-than second order. The results ob-
tained by this means are compared with LES by
Fukagata et al. (1998) in a flat channel as well as with
DNS data by Portela et al. (2001) in a round pipe. How-
ever, first we present solutions to this problem in the
zero-inertia and high-inertia limits. In the zero-inertia
limit (z4 = 0), it follows from (21) and (22):
(W)= W2), P=1 (25)

According to (25), non-inertial particles are entirely
entrained into the turbulent motion of the carrier fluid,
and consequently they are uniformly distributed across
the channel section.

In the asymptotic case of particles with much larger re-
sponse time as compared to the Lagrangian integral time-
scale (t+ > T1+), the problem being considered possesses
a simple solution. Owing to intensive transverse diffusion
transport of velocity fluctuations, the distributions of
fluctuating velocity and concentration of high-inertia
particles in the channel cross-section are nearly uniform:

%
(U3) =
Rt

R,
| ey neiay, o1,

(26)

Fig. 1(a) represents the predicted and simulated pro-
files of the r.m.s. wall-normal fluctuating velocities of
the fluid and dispersed phases across the section of a flat
channel for R, = 180. Curve 1 corresponds to the fluid,
notations 2 and 4 relate to middle-inertia particles, and
symbols 3 and 5 relate to high-inertia particles. It is clear
that both the predictions and the simulations exhibit
greater differences in the particle fluctuating velocity rel-
ative to the fluid one with increasing particle inertia. The
wall-normal fluctuating velocity of high-inertia particles
is nearly homogeneous and significantly less than that
of the fluid in the turbulent core of the flow. By contrast,
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y+2 Uyt

(b)10° 10' 10y

Fig. 1. Profiles of fluctuating velocities (a) and particle concentration
(b) in a flat channel: (1) u, ,; (2)-(7) v,,; (2) and (3) predictions by using
(23); (4) and (5) predictions by using (24); (1), (6) and (7) LES by
Fukagata et al. (1998); (2), (4) and (6) 7=+ =117; (3), (5) and (7)
7, = 810.

in the viscous sub-layer, the particle fluctuating velocity
exceeds the fluid one. This effect is attributable to the dif-
fusion transport of turbulent fluctuations from the turbu-
lent core towards the wall. Owing to turbulent diffusion,
the fluctuating velocity of relatively inertial particles has
a non-zero value on the wall, despite the fact that the cor-
responding fluid fluctuating velocity is equal to zero. The
behaviour of wall-normal velocity fluctuations is crucial
to explain a tendency of particles with a certain range
of inertia to accumulate in the viscous sub-layer near
the wall (Fig. 1(b)). Due to a gradient in the intensity
of wall-normal velocity fluctuations, the particles will
tend to migrate to regions of lower turbulence energy.
In other words, the particles are pushed by the gradient
of turbulence intensity towards the wall and “trapped”
in the viscous wall region. As is seen from Fig. 1(a), the
particle fluctuating velocity profiles predicted on the
basis of (20)—(23) are in good agreement with the LES
data of Fukagata et al. (1998). Fig. 1(b) demonstrates a
qualitative agreement between the predicted and simu-
lated distributions of particle concentration.

In Fig. 2 we compare the predicted and simulated
profiles of wall-normal particle fluctuating velocity and

'

uy+ ’ V_xt+
°6
08 7 P T
0.6F 2 —

i % ee0 .._._-._._?_..
/’l - RORREE .
0.2 2 o / 4

(b)

Fig. 2. Profiles of fluctuating velocities (a) and particle concentration
(b) in a round pipe: (1) u;, ; (2)~(7) v, ; (2) and (3) predictions by using
(23); (4) and (5) predictions by using (24); (1), (6) and (7) DNS by
Portela et al. (2001); (2), (4) and (6) 7+ = 25; (3), (5) and (7) 7+ = 100.

concentration in a round pipe for R, = 180. As can be
observed, the predictions obtained with the use of (23)
or (24) for the Lagrangian timescale, like the flat channel
flow, are quite close. It is also seen from Fig. 2(b) that
the particle concentration of low-inertia particles has a
singularity at y = 0. On the whole, the prediction results
for the round pipe flow seem to be identical to those for
the flat channel flow.

Fig. 3 illustrates the effect of particle inertia on the
particle fluctuating velocity intensity and concentration
in the near-wall region of flat and round channels, when
using (24) for Ty .. From Fig. 3(a), one can see a pro-
nounced maximum of v}, near the wall as a function
of 74. The initial increase in fluctuating velocity with
particle inertia is due to the diffusion transport of fluctu-
ations from the high-turbulence channel core to the low-
turbulence near-wall region. The subsequent decrease in
v,, beyond the maximum is explained by a reduction in
the response of large particles to turbulent velocity fluc-
tuations of the carrier fluid. The asymptotic dependence
of v/, (t;) when 7, — oo is given by (26) and is shown in
Fig. 3(a) by curves 5 and 6. As is clear from Fig. 3(b),
the particle concentration increases sharply with particle
inertia and peaks as well. However, the peak of @ corre-
sponds to less values of 7, as compared to the maximum
of v’y .- In accordance with (25) and (26), the zero-inertia
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10° 10’ T

100
(b) "10° 10

Fig. 3. Influence of particle inertia on particle fluctuating velocity (a)
and concentration (b) for y,. =1: (1), (3) and (5) flat channel; (2), (4)
and (6) round pipe; (1) and (2) predictions with the “transport term” in
(8); (3) and (4) predictions without the “transport term” in (8); (5) and
(6) formula (26).

and high-inertia particles are uniformly distributed in
space and their normalized concentration is equal to
unity. Fig. 3 also represents the results obtained in the
absence of the “transport term” in (8). These follow
from (20)—(22) when taking f,; =0 in (21). Obviously,
the impact of the “transport term” plays a little part
in increasing v, and @ near the wall due to some contri-
bution to the diffusion transport of velocity fluctuations.

4. Two-point PDF model

Let us now consider the two-point PDF model. This
model is suitable for predicting two-particle statistics
and particle-pair dispersion in homogeneous isotropic
turbulence.

Eq. (1) for two separate particles provide the equa-
tions describing the relative motion of a particle pair

dr, dw, Au(r,t) —w,

—7w —
dte " de T,

Here r,= R,, — R, and w, = Vp2 = Vpi .denote the sepa-
ration distance and the relative velocity between two
particles, whereas Au(r,,?) = u(R,,, 1) —u(R,;,7) desig-
nates the increment in velocities at two points in which

(27)

the particles are located. To proceed from stochastic
equations (27) to the statistical description of the rela-
tive motion of two particles, the pair PDF is introduced

P = (p,) = (3(r — 1,(1))3(w — w,(1)). (28)

The pair PDF, P, (r,w, ), describes the probability of
finding a pair of particles separated by a distance r, with
a relative velocity w, at time ¢. Differentiating (28) with
respect to time and accounting for (27), we derive the
following equation for the pair PDF:

Py, 0w, 1 O0AU—w)Py _ 1 3Aup,)
ot Yoy T a, Owy o ow

(29)

To determine the correlation (Au;p, ), which describes
eddy—particle interactions, the fluid relative velocity field
is modeled by a Gaussian random process with known
two-point correlation moments. Then, by making use
of the Furutsu—Donsker—Novikov formula for Gaussian
random functions (Frisch, 1995), we can obtain

i) = [ [ @0 8001, 0)
Sp,,(r, 1)
% <5Auk (1'1 s hH )dl'] dt] >dr1 dtl’
dp(r, 1) LR ory (1)
5Auk(r1, tl)drl dr, Gr, ’ SAuk(rl, tl)drl dy

0 Swy, (2)
ow; <p(r 2 dAuy (ry, t1)dr; dty

(30)

To find the functional derivatives in (30) we use the
solutions of Eq. (27)

0= [ wodn,
mwzlmhmmmmmmn (31)

In what follows, applying the functional operator to
(31), employing the iteration procedure, and averaging
the functional derivatives over the particle probability
density p,,, we represent (30) in the form similar to (7)

@@Q——[MﬂmM#%Mm»

t
X / o(t — t)dt,
n

7

_/[ (Auj(r, ) Au (x, (1), t1))

[on0ta - >+%“/%mw>

3

aw, (32)

15
X/ (ptz—l‘z dt3d12 dll
gl
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In order to represent the integrals in (32) in an expli-
cit form, the Lagrangian two-point structure function of
fluid velocities is approximated in the same way as (8)

Suyj(r,£,7) = ((U;(Ra(2), 1) — wi(Ri(2),£)) (u(Ra (2 — 1),
t—1) = u(Ri(t — 1), —1)) [ r =Ry(t) = Ry(7))
- (S,-, —; Ii >lPLr(‘L’ 7, (33)
DS; 0Sy /AU 0S;; . 0Sik
Dt ot Yore T or

where the second- and third-order Eulerian structure
functions are defined as

Sy(r,t) = (AuiAu?}

= (i (x +1,0) — wi(x, ) (W(x +1,1) — (X, 1)),
Si(r, 1) = (A, AuAuj)

= ((w(x +1,0) —u(x,0) (,(x +1,1) — u(x,1))

X (up(x +1,1) — 1 (x,1))).

In (33), ¥1,(t|r) symbolizes a Lagrangian autocorre-
lation function that describes the velocity increments
of two fluid elements separated initially by the distance
r. Like (8), approximation (33) contains the “transport
term” that accounts for the effects of turbulence
unsteadiness as well as of the convective and diffusive
transfer of fluid velocity fluctuations along a particle-
pair trajectory. Substitution of (33) into (32) provides
the following equation for the correlation between the
fluid velocity increment and the particle-pair probability
density:

oP opP,, T,/-1 DS;; OP,,
Aulp,) = —S; v ) R
< ulpw> Sl](f a +’L—pg’ a]) 2 Dt aW/
@AU oP,
lSl(
TR Bwy
1 o0 T Tr
f;:—/ lPLr(‘C)eXp (——)d‘f, g = - _fra
Tp 0 Tp P

e T
= [t (D)o =
‘L'p 0 Tp

(34)

The coefficients f,, g,, fr1, [, quantify a response of a
pair of particles, separated by the distance r, to velocity
fluctuations of the turbulent fluid, and 7y, =
Jos Wi (r)dtr. When the distance between particles in-
creases, the following limits take place:

l‘U]J(T|r): lI/L(T)v Tv. =Ty, fr:ﬁn
g =8 frlzfuh l.=1, for »r — oo.

The exponential approximation, ¥p, = exp(—1/Ty,),
yields the response coefficients akin to (11)

Ti, T,
ﬁ = = ) 8, = 7La
T+ T (% + Tu)
77 T;,
fon=—""—, L=—"T—. (35)
(tp+ Tvr) (1, + Tir)

Substituting (34) into (29) yields the following kinetic
equation for the two-point PDF of the particle-pair rel-
ative velocity distribution in homogeneous isotropic
turbulence

oP,, oP, 1 0(AUy —wy)P,, fu DSy O°P,
+ wy +— -
ot or, 13 Tp awk 2 Dt 6wi6wk
fr &P, o°P, oAU, P,
=S ik + g, I .
T, OW;0wy Or; 0wy or,  Ow;0w,

(36)

Eq. (36) describes the convective and diffusive trans-
port in phase space (r,w) and resembles the one-point
PDF equation (12). However, the one-point and two-
point kinetic equations bear a superficial resemblance,
because (12) deals with the one-particle PDF and hence
does not take into consideration the spatial correlation
of the motion of two particles. In contrast, the two-point
statistical model allows for the spatial correlation be-
tween the velocities of particle pairs and thereby can
predict the effect of clustering. When DS;/Dt = AU =0,
(36) reduces to the two-point PDF equation obtained in
Zaichik and Alipchenkov (2003).

Eq. (36) generates a set of balance equations govern-
ing the pair concentration, momentum, particulate stres-
ses, or any appropriate statistical two-point moments of
the relative velocity PDF. By this means the equations
describing the particle-pair density, the mean relative
velocity, and the second-order two-point structure func-
tion are written as

ON ONW,
=0 37
at ark ’ ( )
) ) A Dr
6W,+Wk6W,:_6SPIA+ U W /{611’1]\77
ot ory or T, T, Org
(38)
08, 0S,i;i 1 ONS,i DS
U7t /A Pij : j
o TS TN e M D
ow;

ow
= —(Spix + &-Sik) ij — (Spi + &Si) o

0AU; 0AU;
+ 1, (Sika‘]'i‘Sjk ors > — (1S = Spy), (39)

where

1

N = /Pwdw, W,=— /Wipwdwa
N

Splf/' - N/

W )P, dw,
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Spijk = <W/W/ W)

=y /(Wi = W) (wy = W) (wie —

Dy = t(Spij + 8:54)-

pij

Wk)Pw dW,

The third-order particle structure function is
determined by the gradient relation that is akin to

(16)

1 ’ 6Spjk v aSptk ’ aspfj
Spijk = 3 <me or, +Dp1n or, +D " or ) (40)

In the zero-inertia limit, conformity with (39), the
second-order structure functions of both phases are
equal

limS,; = Sy, (41)

7—0
and the pair diffusivity tensor of fine particles coincides
with that of fluid elements

limD),. = Dj; = TSy (42)
7,—0

In accordance with (40)-(42), the third-order

structure function of fluid fluctuating velocities is given

by

Sljk =1limS U"

T[,HO

TLr 6Sjk aslk aSl]
3 (S”” B, Sy, TS )

(43)

5. Particle dispersion in isotropic turbulence

The two-point PDF model is used for predicting pair
dispersion in a steady-state suspension of particles im-
mersed in homogeneous, isotropic, and stationary tur-
bulence. In isotropic turbulence, due to spherical
symmetry, the pair relative velocity and density distribu-
tions are independent of the orientation of the separa-
tion vector r and may be only dependent on r = [r|. In
addition, the convective transport in the fluid is sup-
posed to be absent (AU; =0), and the total number of
particles is not changed in time. The latter infers that
the balance between the net radial relative inward and
out ward fluxes takes place, and, therefore, the mean rel-
ative velocity, W,, is equal to zero. By this means the set
of Egs. (37)—(40) along with (43) is constricted to the fol-
lowing system:

dInr

2(§p11 — Sp,m) dgpll
+
dr

7 dr

+ (Sp]l + g,Su) =0, (44)

d[ - - .dS d ds
Sl‘zg F(Sp” +grSU) d:”:| +Slfr1F5 (TLrS” d”)

+ ZF(fj,, - Ep,,) =0, (45)

St d§ nn
7 {d [rzf( Spu +851) =gz }

d _ _ _ _
+2E [?F(Spnn + grSnn)(Spll - Spnn)]}

Stf,T - dS,,
G (s )

128 (7,5,6 -5, )]}+2r(, = S) = 0.
(46)

In (44)—(46), the overbar stands for normalization by
the Kolmogorov microscales, St is the Stokes number
that specifies the particle inertia, I" is the radial distribu-
tion function that quantifies the accumulation effect, S,
and S, are the longitudinal and transverse components
of the particle velocity structure function S,;. Thus the
model under consideration amounts to solving three
nonlinear ordinary differential equations involving the
radial distribution function and the second-order longi-
tudinal and transverse structure functions. Like (20),
Eq. (44) expresses the balance between the turbopho-
retic and diffusion forces in the separation direction be-
tween two particles.

Relevant boundary conditions for Eqs. (44)—(46) are
given by

dS,;  dS,. _
¥ - dr =0 for7=0, (47)

Epll :fugll; _prm fu nns r=1

Conditions (47) express the balance between the radial
relative inward and outward fluxes at the origin, and
they are valid if the particle size is less than the Kol-
mogorov length microscale. Relations (48) point to the
fact that the particle velocities become near-homoge-
neous at large separation, whereas the particles are ran-
domly distributed.

To determine the structure functions of fluid velocity
fluctuations, Sy and S,,,, as well as the two-point velocity
increment timescale, 7} ,, we consider the behaviour of
these quantities in the viscous, inertial, and external spa-
tial subranges of separation. In the viscous range (r < ),
the first terms of the Taylor expansion of the Eulerian
velocity structure functions are the following (Monin
and Yaglom, 1975):

for 7 — oco.  (48)

er’ 2er?

157 7" 15y
According to (42) and (49), the longitudinal and
transverse pair diffusivities of fluid elements are given by
eT L7 . 2eTyr?
15 0 T T 15y

Expressions (50) agree with the turbulent pair diffu-
sivities derived by Lundgren (1981) when taking

Sy = (49)

D, = (50)
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TLr:TG:A1Tk7 A] :51/2. (51)

In the inertial range (y < r < L), Kolmogorov’s sim-
ilarity hypotheses give the following scaling for the sec-
ond-order structure functions (Monin and Yaglom,
1975):

4
Sy =C(er)?, S = §C(8r)2/3, C ~20. (52)

In the inertial range, the only time scale can be built
up, that is ¢ 323 and, therefore, the two-point time-
scale has to be taken in the form

Ty, = Ae V3?3, 4, = const. (53)

In what follows, according to (43), the longitudinal
third-order structure function of fluid fluctuating veloc-
ities is determined as

dsy

S = _TLrSIIW- (54)
Substituting (52) and (53) into (54) yields
2
S[[[ = — §A2C281". (55)

On the other hand, the longitudinal third-order struc-
ture function in the inertial subrange is defined by the

well-known Kolmogorov relation (Monin and Yaglom,
1975)

4
S = 5 (56)

and thus, from the comparison of (55) and (56), we ob-
tain A, = 0.3 when C = 2.0.

The fluid velocities at two points separated by large
distance are statistically independent. Therefore, in the
external range (r> L), the structure functions are as
follows:

S[[ = Sn,, = 21,{,2. (57)

Moreover, when the separation r exceeds the integral
length scale L, the two-point timescale goes over into the
conventional Lagrangian integral timescale

Ty, =Ty (58)

By this means, the fluid velocity structure functions
are given by the approximations

k
1 (15 ’“+ L 15'2
gfl_ 72 (CP3) 2Re; |’
115\ 3\ (152
3 (P) +(4C72/3) T \2Re; )

nn

C=2, k=20, (59)

which interpolate (49), (52) and (57) with Re; being the
Reynolds number based on the Taylor length scale.

In the similar way, the two-point timescale is taken by
combining (51), (53) and (58) as follows:

1 1 1
— = 4 4, =5 4,=03. (60)
T, A+ (PP T

Approximations (59) and (60) are identical to those
taken in Zaichik and Alipchenkov (2003), except for
the value of the constant 4,, which is modified here in
order to satisfy Kolmogorov’s relation (56). In (60),
the Lagrangian integral timescale normalized by the
Kolmogorov microscale is determined by the following
equation:

To= e 2ReTC) g o,
w o 15V2C,

which approximates DNS data by Yeung and Pope

(1989), Yeung (1997), Yeung (2001), and Février et al.

(2001) with the asymptotic value of the Kolmogorov

constant Cy,, recommended by Sawford (1991).

Eqgs. (44)-(46) along with boundary conditions (47)
and (48) were solved numerically, and the results ob-
tained were compared with DNS computations by Sun-
daram and Collins (1997) and Wang et al. (2000).
However, before presenting numerical results, let us
consider the asymptotic solutions to this problem in
the zero- and high-inertia limits. In the zero-inertia limit
(St=0, f, = 1), it follows from (44)—(46):

gpll = Ella Epnn = Enm r=1. (61)

According to (61), zero-inertia particles entirely follow
the fluid turbulent velocities and are uniformly distrib-
uted in space.

In the high-inertia limit, it is easy to obtain the fol-
lowing solution:

o ZTLRG;_
151281

which resembles solution (26) for channel flow.

Fig. 4 shows the particle structure and radial distribu-
tion functions predicted for various Stokes numbers
against the separation distance. As can be observed,
these distributions remind the appropriate profiles of
the particle fluctuating velocity and concentration
across the channel section (Figs. 1 and 2). With increas-
ing St, the particle structure functions deviate more and
more from those in the fluid (curves 1) and approach to
the homogeneous asymptotic distributions given by (62)
for high-inertia particles. Although the fluid velocity
structure functions are equal to zero at 7 = 0, the struc-
ture functions of fairly inertial particles, by virtue of dif-
fusion transfer, have non-zero values at the origin. Due
to the turbophoretic force, the radial distribution func-
tion monotonically rises with decreasing separation dis-
tance. It is also seen from Fig. 4(c) that the radial
distribution function of low-inertia particles, like the

r=1, (62)

pll = POpnn
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10° r
Fig. 4. The longitudinal (a) and transverse (b) structure functions and

the radial distribution function (c) for Re; = 75: (1) St =0, (2) 1, (3) 4,
(4) 10, (5) 100 and (6) 1000.

() 10" 10° 10

particle concentration on the channel wall, has a singu-
larity at 7 = 0. As the Stokes number increases, this sin-
gularity disappears and I" tends to unity.

Fig. 5 demonstrates the ratio between the particle
transverse and longitudinal structure functions for
7 =1 versus the Stokes number. For fluid elements as
well as for zero-inertia particles, this ratio is two in con-
formity with (49). In accordance with the DNS data of
Wang et al. (2000), the predicted ratio of S,,,,/S,; drops
quickly towards one as St increases. Because of decreas-
ing the role of the diffusion transfer of velocity fluctua-
tions, the ratio predicted with no the “transport term”
in (33), i.e. when taking f,; = 0 in (45) and (46), is found
to approach unity not so quickly as the DNS results.

Spn”(l)/Sp”(l)
2.0% 07 7
*8
16 "9
1.2 1
0.8F 1
0 5 10 15 St

Fig. 5. Ratio between the transverse and longitudinal structure
functions for 7 = 1: (1)~(3) predictions with the “transport term” in
(33); (4)—(6) predictions without the “transport term’ in (33); (7)-(9)
DNS by Wang et al. (2000); (1), (4) and (7) Re; = 24; (2), (5) and (8)
Re; = 45; (3), (6) and (9) Re; =75.

In Fig. 6, we compare the mean radial relative veloc-
ities predicted from (44)—(48) with numerical simula-
tions by Wang et al. (2000). Under the assumption
that the PDF of the relative velocity is Gaussian, the
mean relative velocity magnitude is defined in terms
of the longitudinal structure function as (| w,|) =
(2S,,/m)""*. Fig. 6 illustrates the influence of particle
inertia on (| w, |) over a wide range of Stokes numbers.
As is clear, the behaviour of (| w, |), with respect to S, is
qualitatively similar to that of v/, depending on 7. (Fig.
3(a)) and is characterized by the presence of maximum.
The initial rise in (| W, |) is attributable to a decrease in
the correlation of particle velocities with 7,. The subse-
quent decay of (| w,|) beyond the maximum results
from a decrease in the particle fluctuating velocities,
since the particles become more sluggish and less

(1w, Iy

10—1 PR N | NPT | N
] : St

Fig. 6. Influence of particle inertia on the mean relative velocity
magnitude for 7 = 1: (1)—(3) predictions with the “transport term” in
(33); (4)—(6) predictions without the “transport term” in (33); (7)-(9)
(63); (10)-(12) DNS by Wang et al. (2000); (1), (4), (7) and (10)
Re; =45; (2), (5), (8) and (11) Re; = 58; (3), (6), (9) and (12) Re; = 75.
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responsive to the fluid turbulence. In the limit of high-
inertia particles (St — o), (| w, |) is determined by the
relation

— 1/2
_ 2 TLRei
(Iw, ) =—151/2( < ) , (63)

which follows from (62). From Fig. 6, it is also seen that
the additional diffusion transfer caused by the ‘“‘trans-
port term” in (33) leads to a slight increase in mean rel-
ative velocities of low-inertia particles.

Fig. 7 shows the influence of particle inertia on the ra-
dial distribution function for separation distances and
Reynolds numbers, which correspond to the DNS data
of Sundaram and Collins (1997) and Wang et al
(2000). This influence is reminiscent of the effect of par-
ticle inertia on the concentration near the wall of a chan-
nel (Fig. 3(b)). As expected, in the limiting cases of
zero-inertia and high-inertia particles, the concentration
field is statistically uniform, and therefore the radial dis-
tribution function is equal to unity. In accordance with
the computations, the predicted radial distribution func-
tion goes through a peak as the particle inertia time in-
creases. Thus there exists a critical particle response time
which results in maximum preferential concentration.
The value of this critical response time is of the same
order as the Kolmogorov timescale. Fig. 7 also exhibits
that the impact of the additional diffusion due to the
“transport term”, like the particle accumulation in the
viscous sublayer of a channel flow, results in increasing
preferential concentration.

Finally let us consider the effect of particle inertia on
the collision rate that is derived from the relationship

B = 210> w.(0) NT'(0) = (8nS,u(0)) "’ (a),  (64)

where o is the radius of a collision sphere which is equal
to the particle diameter for identical particles. It is clear
from (64) that the turbulence-induced collision rate is

0 2 4 6 St

Fig. 7. Influence of particle inertia on the radial distribution function:
(1) and (2) predictions with the “transport term” in (33); (3) and (4)
predictions without the “transport term” in (33); (5) DNS by
Sundaram and Collins (1997); (6) DNS by Wang et al. (2000); (1),
(3), (5) 7=10.36, Re; = 54; (2), (4) and (6) 7 = 1, Re; = 58.

governed by the mean relative velocity as well as by
the radial distribution function. Consequently, the inter-
action of particles with turbulent eddies causes two sta-
tistical mechanisms which contribute to the collision
rate, namely, the relative velocity between neighboring
particles (the turbulent transport effect) and the non-
uniform particle distribution (the accumulation effect).
Substituting asymptotic solutions (61) and (62) into
(64) produce, respectively, the collision rates in the limits
of zero-inertia and high-inertia particles. By this means
(61) and (64) along with (49) lead to the well-known col-
lision kernel of Saffman and Turner (1956) for fine par-
ticles (7, < 1z)

8re\ /2
Bst = (E) o (65)

Relations (62) and (64) entail the collision kernel for
coarse particles (t, > T71)

2 1/2
g = <8”T LY ) . (66)

Tp

As is evident from (65) and (66), the collision rate of
both fine and coarse particles is governed solely by the
turbulent transport mechanism. However, the accumu-
lation effect is extremely important when the particle
relaxation time is comparable with the Kolmogorov
time microscale.

Fig. 8 represents the collision kernel normalized with
the Saffman—Turner one and compares predictions with
DNS data by Wang et al. (2000). As seen, the model
accounting for the “transport term” in (33) properly
captures the crucial trends of the DNS results, although
the predicted maxima of f are slightly shifted towards
particles with larger inertia. The collision kernels, pre-
dicted with no the “transport term” (i.e. when taking
f1 =0), are smaller in values and worse correspond to

0 10 20 30 St
Fig. 8. Influence of particle inertia on the collision kernel for o = 1:
(1)-(3) predictions with the “transport term’ in (33); (4)—(6) predic-
tions without the “transport term” in (33); (7)~(9) predictions for
I' = 1; (10)—-(12) DNS by Wang et al. (2000); (1), (4), (7), (10) Re; = 45;
(2), (5), (8), (11) Re; =58; (3), (6), (9) and (12) Re; =15.
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the DNS than those obtained using the full model. In
Fig. 8, it is also depicted the collision rate predicted
without the effect of preferential concentration, when
the radial distribution function is assumed to be equal
to unity. It is clear that the neglect of preferential con-
centration leads to considerably less values of the colli-
sion rate than those given by the DNS.

6. Summary

Two statistical models for predicting particle disper-
sion and preferential concentration in inhomogeneous
sheared and homogeneous isotropic turbulent flows
are presented. These models are based on the one-point
and two-point PDFs of particle velocity distributions in
Gaussian random fluid flow fields.

The one-point model is used to analyse the fluctuat-
ing velocity and the concentration of particles in near-
wall channel flows, whereas the two-point model is
employed to predict the relative velocity and the radial
distribution function of particle-pairs in homogeneous
isotropic turbulence.

A unified approach to modelling particle preferential
concentration in inhomogeneous and homogeneous tur-
bulent flow fields is demonstrated by treating this phe-
nomenon as a particle migration caused by the
turbophoretic force. This approach captures the accu-
mulation of inertial particles in both near-wall and iso-
tropic turbulence reasonably well.
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